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Conclusions
The separation bubble developed on an airfoil surface is

successfully calculated using a PPNS procedure with the
boundary condition that is free of bubble influences. Inclusion
of the higher-order curvature terms in the equations, in combi-
nation with the proper outer boundary condition, is found
necessary to get the desired results.
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Introduction

THE mean gradient, or eddy viscosity, model of momen-
tum transport has been an essential component of a wide

range of closure schemes.1 Many of these have achieved some
significant successes, particularly in the prediction of rela-
tively simple shear flows such as those in channels, pipes, or
nonseparating boundary layers. In spite of these accomplish-
ments, substantial questions remain concerning the funda-
mental validity of the approach. Criticisms of the gradient law
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extend back at least to Taylor,2'3 who thought that its basic
premise, that momentum would be conserved on particle
paths over a mixing length, failed to account realistically for
the likely effect that pressure forces would have on the motion
of fluid particles. Later Corrsin4 showed that the circum-
stances under which gradient transport could be trusted are
more restrictive than the conditions usually found in practice.
In particular, the length scale of turbulent mixing is often
comparable to that over which the gradient field varies. A
detailed analysis of gradient transport also has been provided
by Tennekes and Lumley,5 who have pointed out its incompat-
ibility with the accepted belief that Reynolds stress is produced
mostly in coherent events involving vortical structures.

The limitations of the eddy viscosity model appear to sur-
face more clearly in the case of complex flows,6 where the level
of performance of many closure schemes depending on it has
been less than satisfactory. Presumably, in this instance essen-
tial nongradient processes in the physics of turbulent transport
cannot be neglected. A well-known example of this is the wall
jet flow,7 where the gradient model is fundamentally at odds
with the observed mean velocity and Reynolds shear stress
fields.

To date, previous analyses of turbulent momentum trans-
port have had to rely, in varying degrees, on heuristic argu-
ments, since the Reynolds stress does not lend itself readily to
formal treatment by the usual statistical techniques. It is of
some interest, therefore, to develop a method of testing the
gradient transport hypothesis that is purely formal, i.e., in-
volving no assumptions.

In this Note, a Lagrangian expansion of the Reynolds shear
stress is introduced that, in principle, allows for a precise test
of the gradient transport model. An analogous construction
for the case of vorticity transport has been used previously in
developing closure schemes.8'10 The implementation of this
analysis requires evaluation of the terms in the expansion by
ensemble averaging over a data file of Lagrangian particle
paths. For the present study the necessary paths were obtained
at two locations near the boundary from a direct numerical
simulation of turbulent channel flow.11 The results confirm
that the most significant source of nongradient transport
arises from the influence of the pressure field. Of somewhat
less importance, but significant nonetheless, are higher-order
effects originating from transport on a scale greater than that
of linear variation in mean velocity.

Analysis of Gradient Transport
It is desirable to explain the source of correlation in ~uv at a

particular point a at time t0. Here and henceforth, u, v, and w
represent the stream wise, wall-normal, and spanwise velocity
fluctuations, respectively,_in a channel flow; U is the mean
stream wise velocity, U = U + u, and the over bar denotes an
ensemble average. Consider a fluid particle with trajectory
x(a,t) that is known to be at point a at time t0, i.e.,
x(a,t0) = a. Henceforth, the given point (a,^0) will be denoted
as point a while the position occuring earlier in time along the
path, at t = tQ — r,r>0, is denoted as point b. In contrast to
point a, point b varies randomly from realization to realiza-
tion of the turbulent field.

Integration of the U component of the Navier-Stokes equa-
tion along x(a,t) from b to a yields

Ua - Ub = ~
to j

/ 0 - r R
(1)

which indicates that the momentum of the fluid particle
changes along the path due to the accumulated action of the
pressure and viscous forces. Here R is an appropriate
Reynolds number, p is the nondimensional pressure field, and
subscripts a and b denote quantities evaluated at points a and
/?, respectively.

Expressions Ua and (7^_in Eq. (1) may be decomposed into
Ua = Ua + ua and Ub = Ub + ub, where it should be noted
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that Ub and ub represent their respective Eulerian fields evalu-
ated at the random point b . It will be useful in later analysis
to introduce Lagrangian correlation functions such as

Functions Rvv, Ruv> and Rm may be
similarly defined. With these definitions it follows from Eq.
(1) that

= RVU( ~ T) + Va(Ub - Ua) (2)

where $1 is the correlation of the integral terms in Eq. (1) with
va. The first two terms on the right-hand side of Eq. (2) can be
evaluated directly from an ensemble of particle paths com-
puted from a direct numerical simulation of channel flow.
Since ~UaV~a is also known, $1 can be computed as the closing
entry. In this way a decomposition of ~uv into computable
factors is possible.

The second term on the right-hand side of Eq. (2) represents
the correlation of va with the change in the mean velocity field
between points b and a. This term will potentially contribute
tp_a gradient transport law since the sign_pf the difference,
(Ub-Ua)tis selected from up or down the Ugradient depend-
ing on the sign of i^For the case of channel flow, the Taylor
series expansion of Ub about point a consists of

v(s) ds (

in which {?_ rv(s) ds is the wall-normal displacement of a fluid
particle from point b to a. From this relation it follows that

va(Ub -Ua)= -
dURvv(s)ds — (3)

Here <£2 is the correlation of va with terms of G(r2) appearing
in the Taylor series expansion of Ub - Ua. The first term on
the right-hand side of Eq. (3) can be evaluated from the
particle path data, as can the left-hand side, so that $2 can be
obtained as the closing entry.

Substituting Eq. (3) into Eq. (2) and rearranging yields

uv = —
0 dU

RW(S) ds — + Rvu( - r)-T ay (4)

where evaluation of appropriate quantities at point a is to be
understood. This relation holds for all values of T. In particu-
lar, it may be observed that Eq. (4) will reduce to a gradient
transport law on the condition that a value of r exists for
which the last three terms are negligible. The most likely
scenario under which this can occur, assuming terms $! and $2
are small, is for the eddy diffusivity \*LTRvv(s) ds in Eq. (4) to
converge for large enough r to Tv2, where T = J°_«, R*vu(s) ds
is the Lagrangian integral scale, while simultaneously the cor-
relation Rvu( - T) becomes zero. Here and henceforth, R»v(s)
refers to the normalized correlation Rvv(s)/Rvv(0).

Since $2 depends on terms of 0(r2)t it is likely that r must be
bounded from above for this term to be small. Expression $1,
on the other hand, being 0(r), can only be small if the under-
lying correlation is weak. It is precisely the effect represented
by this term, particularly as regards the pressure,2'3 that has
long been held as a chief source of nongradient transport. In
summary, it may be expected that the validity of the gradient
model rests largely on the magnitude of $!, in addition to
whether or not a value of T exists for which both the second
and fourth terms on the right-hand side of Eq. (4) are simulta-
neously negligible.

In the preceding discussion the assumption was made that
r>0 so that a backward analysis was implied. It may be
shown, however, that Eq. (4) applies equally well in the event
that r<0. In this case a collection of forwardly tracked parti-
cles is needed to evaluate the terms in the expansion. Inspec-
tion of the gradient term in Eq. (4) reveals that there is, in fact,
a fundamental difference between a backward and forward
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analysis of "MI;. In particular, the eddy viscosity J?_T R»v(s) ds
in Eq. (4) is positive for r>0, yet negative for r<0. In other
words, ~uv and the gradient term in Eq. (4) will always have
opposite signs, so that a forward momentum analysis cannot
yield a useful result. This appears to conform to one's intu-
ition that the existence of a correlation between u and v at a
particular point in space and time can only be explained by
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examining the past history of the turbulent flow and not by
looking into its future motion.

Numerical Results
A collection of particle paths with which to evaluate the

terms in Eq. (4) was obtained from a direct numerical simula-
tion of turbulent channel flow11 at Reynolds number
R * = 173.2 based on friction velocity and half-channel width.
From initial locations on each of the planes y + = 15.8 and
37.5, 801 particles were followed forward in time. The total
elapsed time of the simulation was T+ = 10, which required
280 time steps to achieve. In the present discussion, y + , T+ ,
and T + refer to quantities scaled by wall variables. Each of the
280 calculated velocity fields was stored on magnetic tape so
that backward paths could be computed. In this case, 601
particles were followed backward in time from each of the
same two starting planes at y + = 15.8 and 37.5.

Ten randomly selected particles were followed forward and
backward 280 time steps as a test of the accuracy of the
computed paths. On average, the particles returned to within
a very small distance, d + « 0.44, of their initial positions.
Thus, the ensemble of computed paths appeared to be of
sufficient accuracy to be used in the transport analysis. Addi-
tional details concerning the path data may be found in Ref.
12.

Figure 1 displays the normalized correlation functions R *uu,
/?Jy, and R»w at y + = 15.8, while R*uv and R^ are given in Fig.
2. The abscissa in all figures is taken as — r+, so the curves to
the left of the origin represent a backward analysis and those
to the right a forward analysis. The curves for R»v in Fig. 1 and
RVU in Fig. 2 are relevant to the evaluation of Eq. (4). For both
positive and negative — r+ , R^v falls relatively close to zero by
T+ » 10. On the other hand, only for -r+ <0 does R^ ap-
proach zero. In fact, for — r+>0, R*m increases to values
greater than one before eventually decreasing. This asymmetry
is not unlike that observed in similar two-point Eulerian corre-
lation functions.13 It also complements the asymmetry of the
gradient term in Eq. (4) mentioned previously. This is made
clear in Fig. 3, which contains a plot of the computed terms in
Eq. (4) normalized by \~uv\ at T+ = 0. Note that at any time the
four curves must sum to — 1 and that the second term on the
right-hand side of Eq. (4) is now given by —R^,. For — r+ < 0,
the increase in —Rvu from — 1 toward zero coincides with a
decrease in the gradient term; i.e., in the figure the gradient
term decreases from 0 toward — 1. The opposite effect occurs
for — r+>0, whererin the gradient term becomes positive
while —Rvu decreases below —1. This verifies that only a
backward analysis of transport is useful.

The curve for <i>2 in Fig. 3 is virtually zero for l r + I <3,
strongly confirming the analysis leading to Eq. (3). For
l r + l > 3 , second-order effects begin to mount. By — r + «
-10, when -/?JM«0, the normalized $2«0.1. Thus, the
aforementioned requirement that a value of r+ exists for
which the terms Rvu and $>2 are both small does not appear to
be met. However, the 10% discrepancy to a gradient law
introduced by the higher-order terms does not appear to be
too serious.

It is seen in Fig. 3 that $1 is a source of significant nongra-
dient effects. At -r+«-10 its magnitude is 20% of the
Reynolds stress. Since it has the same sign as $2, the influence
of these two sources of nongradient transport is additive. As
a result, a purely gradient transport law appears to be in error
by approximately 30% at j>+ = 15.8. Very similar trends to
those shown in Figs. 1-3 were observed at y+ =37.5, though
in this case the total simulation time was not long enough to
bring R^ as close to zero as it is in the y + = 15.8 case.

The present study reaffirms the need to develop Reynolds
stress models that take into account important nongradient
transport phenomena. One approach to this end is to work
indirectly through vorticity transport modeling, where no
pressure effects explicitly appear. Some preliminary steps in

this direction have been taken9 in which a Lagrangian analysis
has been employed. A test of these results using particle path
data as used in the present study is planned.
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Steady, Shock-Capturing Method
Applied to One-Dimensional

Nozzle Flow

S. Parameswaran*
Texas Tech University, Lubbock, Texas

Introduction
T TPWIND difference schemes are becoming increasingly
\*J popular for the solution of the Euler equations because

they are compatible with the characteristic theory (see
Refs. 1-3). In the present method, the steady Euler equations
are modeled by an upwind difference scheme and solved by a
modified version of the SIMPLE algorithm originally deve-
loped for steady, incompressible flows by Patankar and
Spalding.4
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